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abstract. We study the one dimensional potentials in q space and the
new features that arise. In particular we show that the probability of tunneling
of a particle through a barrier or potential step is less than the one of the same
particle with the same energy in ordinary space which is somehow unexpected.
We also show that the tunneling time for a particle in q space is less than the
one of the same particle in ordinary space.
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1 Introduction.
Quantum groups are a generalization of the concept of symmetries[1-5]. The
mathematical theory of quantum groups arose as an abstraction from construc-
tions developed in the frame of the inverse scattering method of solution of
quantum integrable models, but because of its rich and powerful structure, it
has been applied to different problems far beyond the original area. quantum
groups act on noncommutative spaces. If the space structure at short dis-
tances (much smaller than 10−18 cm, according to the present test of quantum
electrodynamics, the usual Heisenberg’s commutation relations are correct at
least down to 10−18 cm) shows a noncommutative property and thus governed
by quantum group symmetry, then quantum mechanics based on q-deformed
Heisenberg algebra is a possible candidate for quantum theory to study the
phenomena at short distances . Different frameworks of q−deformed Heisen-
berg algebra have been established [6-22], but physically, the one presented in
Refs.[13, 17] is more clear : its relation to the corresponding q−deformed boson
commutation relations and the limiting process of the q−deformed harmonic
oscillator to the undeformed one are clear. By the results of string theory argu-
ments, some applications of quantum mechanics on a non-commutative plane
has been studied in [27]. Perturbative aspects of the schroedinger equation in
q space has been studied in [23]. There are two perturbative Hamiltonians cor-
responding to two ways of realizing the q−deformed Heisenberg algebra by the
undeformed variables(which are related by the cononical transformation): One
includes it in the kinetic energy term, and the other includes it in the potential.
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At the level of operators, these two perturbative Hamiltonians are different, but
according to the equivalent theorem which has been demonstrated in [24]: For
any regular potential which is singularity free the expectation values of these
two perturbative Hamiltonian in the eigenstates of undeformed Hamiltonian are
equall. This theorem establishes a reliable foundation of the perturbative cal-
culations in q−deformed dynamics.
2 Background of Schroedinger equation in q space.
The q−deformed phase space variables- the position operator X and the mo-
mentum operator P , satisfy the following q-deformed Heisenberg algebra [13,
17]:
q
1
2XP − q− 12PX = iU, UX = q−1XU, UP = qPU, (1)
where:
X† = X, P † = P, U † = U−1. (2)
U called the scaling operator. and satisfies the following q-relations also [17]:
U−1 ≡ q 12 [1 + (q − 1)X ]∂X , ∂X ≡ −q− 12U∂X , P ≡ − i
2
(∂X − ∂X), (3)
where ∂X is the conjugate of ∂X . We observe that the operator U has been used
in the definition of the hermitian momentum, and therefore it closely relates to
properties of the dynamics and has an important role in quantum mechanics in
q space. The q-deformed phase space variables X , P and the scaling operator
U can be realized in terms of the undeformed variables xˆ and pˆ of the quantum
mechanics in nondeformed space [17]:
X =
[zˆ + 12 ]
zˆ + 12
xˆ, P = pˆ, U = qzˆ , (4)
where: zˆ = −i2 (xˆpˆ+ pˆxˆ) and therefore zˆ+
1
2 = −ixˆpˆ. [S] denotes the well known
q-bracket:
[S] =
qS − q−S
q − q−1 . (5)
From (4), one can show that X can be represented as a function of x and p as
follows:
X = i(q − q−1)−1(q(zˆ+ 12 ) − q−(zˆ+ 12 ))pˆ−1. (6)
If we let q = eθ = 1 + θ, with 0 < θ ≪ 1, the perturbative expansion of X to
the order θ2, is given by [23]:
X = xˆ+ θ2g(xˆ, pˆ), g(xˆ, pˆ) = −1
6
(1 + xˆpˆxˆpˆ)xˆ. (7)
The Hamiltonian is :
H(X,P ) =
1
2m
P 2 + V (X). (8)
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The singularity free potential V (X), can be expressed in terms of the unde-
formed variables x and p as [23] :
V (X) = V (xˆ) + θ2HˆI(xˆ, pˆ), (9)
where
HˆI(xˆ, pˆ) =
∞∑
k=1
V (k)(0)
k!
(
k−1∑
i=0
xˆ(k−1)−ig(xˆ, pˆ)xˆi), (10)
where V k(0) is the k-th derivative of V (x) at x = 0(x is the spectrum of xˆ).
Then we can write:
H(X,P ) =
1
2m
pˆ2 + V (xˆ) + θ2HI = H0 + θ
2HI , (11)
where H0 =
1
2m pˆ
2 + V (xˆ) is the Hamiltonian in ordinary space which its eigen-
values and eigenfunctions are known :
H0φn = E
0
nφn. (12)
We search for the eigenvalues and eigenfunctions of the Hamiltonian H :
Hψn = (H0 + θ
2HI)ψn = Enψn, (13)
where En = E
0
n +∆E
θ
n. The φi are eigenfunctions of the Hamiltonian H0, and
form a complete set therefore we can expand ψn in a series as follows :
ψn = φn +
∑
m 6=n
Cnm(θ
2)φm, (14)
where Cnk(0) = 0. We can also expand Cnk(θ
2) and En as :
Cnm(θ
2) = θ2C(1)nm + θ
4C(2)nm + ... . (15)
En = E
0
n + θ
2∆E(1)n + θ
4∆E(2)n + ... . (16)
Then the Schroedinger equation takes the form :
(H0 + θ
2HI)(φn +
∑
m 6=n θ
2C
(1)
nmφm +
∑
m 6=n θ
4C
(2)
nmφm + ...) =
(E0n+θ
2∆E(1)n +θ
4∆E(2)n + ...)(φn+
∑
m 6=n
θ2C(1)nmφm+
∑
m 6=n
θ4C(2)nmφm+ ...). (17)
Using uniqueness theorem we will have a series of equations. The first one is :
H0
∑
m 6=n
C(1)nmφm +HIφn = E
0
n
∑
m 6=n
C(1)nmφm +∆E
(1)
n φn. (18)
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Using H0φm = E
0
mφm, this leads to :
∆E(1)n φn = HIφn +
∑
m 6=n
(E0m − E0n)C(1)nmφm. (19)
Taking the scalar product with φn and using the orthogonality condition for φi,
we will have :
θ2∆E(1)n =< φn | θ2HI | φn > . (20)
If we take the scalar product with φm, for m 6= n, we obtain :
θ2C(1)nm =
< φm | θ2HI | φn >
E0n − E0m
. (21)
These are two important formulas. The value of θ2∆E
(1)
n has been calculated
in [23].
θ2∆E(1)n =
θ2
6
∫ ∞
−∞
dxψ(0)∗n (x)(V (x){1−4mx2[V (x)−En]}−
2
3
mEnx
3(
dV (x)
dx
))ψ(0)n (x),
(22)
or :
θ2∆E(1)n =
θ2
6
∫ ∞
−∞
dxψ(0)∗n (x)[V (x)−En]{1− 4mx2[V (x)−En]}ψ(0)n (x), (23)
where ψ
(0)
n (x) and En are unperturbed wave function and energy respectively.
The important point is, since < n | V | n >< E, we see from equ.(23) that, the
energy shift is always negative :
θ2∆E(1)n < 0 (24)
By use of equs.(14) and (21), one can obtain the wave functions in q space.
3 One dimensional potentials in q space.
In this section we study some important one dimensional potentials in q space.
They are of interest because they may show some new features and improve our
knoweldge about q space and because many physical situation can be considered
as one dimensional even though the real world is three dimensional. we start
with the potential step.
3.1 potential step.
Consider a particle which is moving in the positive x-direction with energy E
and passes a potential step at x = 0 :
V (x) = 0 x < 0
V (x) = V0 x > 0
We assume E0 < V0. The most general solution of the Schroedinger equation
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for x < 0 is:
u(x) = eikx +Re−ikx. (25)
where k = (2mE0)
1
2 ,(we assume h¯ = 1). For x > 0, we have only the transmitted
wave:
u(x) = Te−Qx (26)
where Q = [2m(V0 − (E0 + θ2∆E(1)))] 12 . To the first order of perturbation,
θ2∆E(1) is vanish and to the second order it is given by :
θ2∆E(1) =
E0θ
2
3(2m(V0 − E0)) 12
(1− λ(θ)), (27)
where λ(θ) =
1+ 16 (V0−E0)2θ2
1+ 16 θ
2 > 1. We observe that the energy shift θ
2∆E(1),
is negative, and therefore the value of Q is larger than its counterpart in the
nondeformed case β, β = [2m(V0 − E0)] 12 . This means that the exponential
in the wave function for x > 0 damps more rapidly than the nondeformed
case, and therefore the probability of the penetration of the particle in to the
forbidden region in q space is less than the one of the particle with the same
energy in nondeformed case. One can calculate the reflected or the transmitted
coefficients using the continuity of the wave function and its derivative at x = 0:
T 2θ =
4E0
V0 +
E0θ2
3(2m(V0−E0))
1
2
(λ(θ) − 1) . (28)
Comparing to the expression for T in nondeformed case T 2θ=0 =
4E0
V0
, we observe
that the denominator of T 2θ is larger than the denominator of T
2
θ=0, and there-
fore we have T 2θ < T
2
θ=0.
3.2 The potential well.
We consider the following potential well :
V (x) = 0 x < −a .
V (x) = −V0 − a < x < a .
V (x) = 0 a < x .
We first study the case E0 > 0. The solutions of the Schroedinger equation in
nondeformed case are [25]
u(x) = eikx +Re−ikx, x < −a, (29)
u(x) = Aeiβx +Be−iβx, −a < x < a, (30)
u(x) = Teikx, x > a, (31)
where: k2 = 2mE0 and β
2 = 2m(E0 + V0). For the special case sin(2βa) = 0,
there is no reflection [25] and this is a model of scattering of low energy elec-
trons(.1 ev) by a noble gas atoms for example, neon and argon. For studing the
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q analouge of this situation we should calculate the energy shift and the q wave
functions :
θ2∆E
(1)
n =
θ2V0
6
{(2−16ma
2V0
3
)a−4ma
3V0
3
+(
1
2
−a+8ma
3V0
3
)
8mV0a
2
n2pi2
+
n2pi2a
3
−64m
2a2V0
n4pi4
}.
(32)
One can obtain the wave functions in q space, using equs.(14) and (21). The
θ2C
(1)
nm coefficients are as follows :
θ2C
(1)
nm = − 23
mV0(V0−E0n)θ2
E0
n
−E0
m
{(A2+B2)[ 2(βm−βn)a2 sin((βm−βn)a)+ 4(βm−βn)2
cos((βm − βn)a)− 4(βm−βn)3 sin((βm − βn)a)] + (A∗B +B∗A)[ 2(βn+βm)a2
sin((βn+ βm)a) +
4
(βn + βm)2
cos((βn+ βm)a)− 4
(βn + βm)3
sin((βn+ βm)a)]}
(33)
where β2n =
n2pi2
4a2 and E
0
n = −V0 + n
2pi2
8ma2 . In q space the particle has the
energy E0n + θ
2∆E
(1)
n . The coefficients A and B are as follows :
A = β+k2β cos((β − k)a) + β−k2βN (L cos((k + β)a) −M sin((β + k)a))
+ i{β + k
2β
sin((β − k)a) + β − k
2βN
(L sin((β + k)a) +M cos((β + k)a)}, (34)
B = β−k2β cos((β + k)a) +
β+k
2βN (L cos((k − β)a) −M sin((k − β)a))
+ i{k − β
2β
sin((β + k)a) +
β + k
2βN
(L sin((k − β)a) +M cos((k − β)a)}, (35)
where :
L = (k4 − β4) sin2(2βa) cos(2ka) + kβ(β2 − k2) sin(2ka) sin(4βa).
M = (β4 − k4) sin2(2βa) sin(2ka) + kβ(β2 − k2) cos(2ka) sin(4βa).
N = (2kβ cos(2βa))2 + (β2 + k2)2 sin2(2βa).
Now we study the case E < 0, the solutions of the Schroedinger equation in
ordinary space for outside the well are as follows [25]:
u(x) = c1e
kx x < −a. (36)
u(x) = c2e
−kx a < x. (37)
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The solutions inside the well are either even in x ( cosβnx)or odd in x (sinβnx)
with β2n = 2m(V0− | E0n |) > 0 where E0n(even) = (n+ 12 )pi and E0n(odd) = npi.
The energy shift corresponding to even and odd solutions are :
θ2∆E(1)n (even) =
θ2V0
6
[1− 4ma2V0(V0 − npi − pi
2
)(
1
3
− 1
2(n+ 12 )
2pi2
)]. (38)
θ2∆E(1)n (odd) =
θ2V0
6
[1− 4ma2V0(V0 − npi)(1
3
− 1
2n2pi2
)]. (39)
and the coefficients C
(1)
nm for even and odd solutions can be obtained from (34)
by choosing A = B = 1 and A = −B = 1 respectively.
3.3 The potential barrier.
As we know, like drift and diffusion, tunneling is also a basic mechanism of
carrier transport. in the following we consider the rectangular barrier :
V (x) = 0 x < −a .
V (x) = V0 − a < x < a .
V (x) = 0 a < x .
We study the case E < V0. The solutions of the Schroediger equation in q space
are :
u(x) = eikx +Re−ikx x < −a. (40)
u(x) = CeQx +De−Qx | x |< a. (41)
u(x) = Teikx x > a. (42)
The energy of the particle in the region−a < x < a, is V0−(E0+θ2∆E(1)) with :
θ2∆E(1) = V0θ
2
6 {(C2 +D2) sinh(2βa)β [1− 4m(V0 − E0)(a2 + 12β2 )]+
4ma(C2+D2)(V0−E0)cosh(2βa)
β2
+2a(C∗D+D∗C)[1− 4ma
2
3
(V0−E0]}, (43)
where β2 = [2m(V0 − E0)]. The coefficients C and D can be obtained from A
and B (equs.(34),(35)) by replacing β → iQ as follows :
C = B(β → iQ) D = A(β → iQ).
Since the energy shift is always negative (see equ.(24)), we have :
Q =
√
2m[V0 − (E + θ2∆E(1))] >
√
[2m(V0 − E)] = β .
Matching wave functions and their derivatives at x = ±a, give the following
expression for the ratio of transmitted flux to incident flux :
| Tθ |2= (2Qk)
2
(k2 +Q2)2 sinh2(2Qa) + (2Qk)2
. (44)
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When Qa is large, sinh2(2Qa) ≈ e4Qa, and we have :
| Tθ |2= ( 2kQ
k2 +Q2
)2e−4Qa. (45)
Since Q > β, the exponential in the expression for | Tθ |2, damps more rapidly
than the nondeformed case:
| Tθ=0 |2= ( 2kβ
k2 + β2
)2e−4βa. (46)
and we have :
| Tθ |2
| Tθ=0 |2 = (
Q
β
k2 + β2
k2 +Q2
)2e−4(Q−β)a < 1. (47)
Again this means that, comparison to the nondeformed case the probability of
penetration of the particle in to the forbidden region is reduced.
So far we discussed the rectangular barriers. For studing the barriers with ar-
bitrary shapes, physicits use WKB approximation, which leads to the following
expression for T [25-26]:
| T |2≈ e−2
∫
x2
x1
dx
√
2m(V (x)−E0)
, (48)
The integral in the exponent runs over the classicaly forbidden domain. We
have the following expression for | Tθ |2 :
| Tθ |2≈ e−2
∫
x2
x1
dx
√
2m((V (x)+|θ2∆E(1)|)−E0)
. (49)
This can be written as :
| Tθ |2≈ e−2
√
2m
∫
x2
x1
dx(
√
V (x)−E0+ 12 |θ2∆E(1)|(V (x)−E0)
−1
2 )
. (50)
Since V (x) > E0 for x1 < x < x2, the second term in the exponent is always
positive and therefore we have :
| Tθ |2<| Tθ=0 |2 . (51)
Noe we study another important quantity in tunneling process namely the tun-
neling time(the time which tunneling process takes) which is substantial for
physical applications and for a proper understanding of quantum theory. For
rectangular barrier it is given by [26]:
τ =
1
4(V0 − E0) . (52)
for the q−deformed case we have :
τθ =
1
4((V0+ | θ2∆E(1) |)− E0)
. (53)
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As we observe, the denominator of τθ is larger than the denominator of τ , and
therefore we have :
τθ < τ. (54)
which means that the tunneling time for a particle in q space is less than the
one of a particle with the same energy in ordinary space.
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